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 Generic Optimal Control Solution -- introduce a universal
quadratic penalties of tracking errors that is consistent in each
of the coordinate choices—i.e. a quadratic penalty on the
MRPs error is clearly not "the same" physically as a quadratic
penalty on the classical Rodrigues parameters

We utilize this universal attitude error measure expressed
through approximate transformations as a positive function of
each of the coordinate choices

>> Main Contribution
. Full nonlinear Motion Error in Compact Form
1 Universe Penalty Function for O.C.P
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Example: (Spacecraft Maneuver)

tf tf

. 1 1
minJ = Et_[{XTQX +Uu'Rujdt= E{{wTwa+§TQg§+ u"Rudt

lo = —[wx]lw+ u

subject to: X :{4’ [ (¢)]w , where Q =diag([Q,,Q,])

where e is angular velocity and £ is an arbitrary attitude parameter

If Quaternion and the state weight was Q =diag([Q,, a1, 1)
where « Is a positive non — zero scalar

The cost function
becomes independent of
attitude variable due to

quaternion norm
cqonstraint!! /

Ly
J =£J‘{a+wTwa+uTRu}

dt
25 OQQ




L-/NASrR  Optimal Reference Motion

Land Air and Space Robotics AEROSPACE ENGINEERING

Minimize J = %CI)(tf a(t;),¢(t;)) +%j L(w, &, u,t)dt

lo = —[wx]lw+u

Subject to x=[@ <¢'T :{é' [£(¢)]w

where the penalty functions are

O(t,, 4 (t) ot)) =Q9(S, ) + &, Qa,

and
L(¢ @, ut)=0Q,9({)+»'Q@+u'Ru

Hamiltonian

H :%{Q3g(4’)+wTQ4a)—l— uTRu}+/1;|_1(—[w><]lw+u)+/1; [ f (é’)]w
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Invoking the Pontryagin necessary condition for optimality:

hy=—Qo [ T(¢)] 4 ~(1ox]-[(lo)x]) 172,

( Table 1: Attitude Kinematics.

5 £ _re{~\1
Attitude parameter Attitude Kinematics é = I_ I lé )Jw
DCM C=-[ex]C
9. 4 4
A
_ o1 {—[wx] wH&z} 1 ¢ ¢ —q
Quaternion q—=— T =— 2}
2| —o 0 4, 2 —, q 4,
@
4 —4 4
.1 r
CRPs p==[11,.1+[px1+ pp" |
2
/ MRPs G = i[(l—ara)[fm]+2[ax]+ 26010)
6,
Euler Angles’ éz =S~ (6,.6,.6;)0
6 |
ik
Principal angle/axis gfi = wfé, é= %[[éx] —cot(¢/2) [éx][éx]] w
0 0 i 1
. 1 —ox] o] i -1 0 0
Cayley-Klein col(K) = —¥, r ¥, col(K), where¥w =
2 - 0 i1 0 0
0 0 - 1

*See Ref[2] for S_l(gﬁl, 60,, 593) definition.
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The scalar function 9( ) is a general nonnegative attitude
penalty function. The function is chosen that will produce
identical performance index values, regardless of the attitude

variables selected?)

g([C(e.4)])= {3 trace ([C])} =sin® (4/2)

Quaternion

g([C@)])=a+a+4 and %%—Ilq; ¢ ¢ Of

-

RP

) |
o 08
4 0 2 ‘:’os‘- s
3“’(“P)“= p{-’ and (‘—‘Q:% § 2
L T 1+ pp P (1+p°p) Z 04 §
PP 5
- € 054
MRP Eoz. ;
' : - Y555 7w m |
g([clo)])=4 af? ; and 2 3o 1-(’?{7_\ Principal Rotation Angle 6 &
“-4-0"0’) co {1‘0_;0,)
Euler Angles

s (1+ cos(4,))sin(8, +6,) |
g([( (@) |)_ —[ (14 cos(#,))cos(6, + 8,) - cos(b, )] and %: = sin( 8, ) cos(, + 6,) + sin(6,)
: | (1+cos(8, ))sin(6, + 8,) |

0 05 ”1--‘_' sin(e)

cosfo)

0<g(C)<1

(1) H. Schaub, J. L. Junkins, and R. D. Robinett, “New Penalty Functions and Optimal Control Formulation for Spacecraft Attitude Control Problems,” Journal of

Guidance, Control, and Dynamics, 20(3):428-434, May-June 1997.
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Open-Loop Optimal Control Problem

w(0)=10.1,0.2,0.3] , @(25) =[O0, 0, 0] rad/sec Q=0 Q,=1 Q,=0,,,
¢'(0) =[-0.20295, 0.33388, 0.13750] Q,=R=1,, (ldentity)
¢'(25) =10.41421, 0, 0]

Angular Velocity [rad/sec.]
Optimal State Time History

| @ | [deg/sec)
./3

ol _ 1 ~
0 5 10 15 20 25
160
__ 140} :
o
i 120} '
=
100}
0 5 10 15 20 25
Time [sec.]

| = diag([86.215, 85.070,113.565]) Kg.m’
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Angular Velocity Error Dynamics (Tracking Control Formulation)

The desired motion is defined in terms of the open-loop
reference angular velocity

.o, =—[ox]lo +7

’——~

7 N
/ \
Low =0 - o ! Angular Velocity Error Vector
\ /l
N ~ - P
sa =—1"{[wX]l -[(lo,)x]} 60— 1 [6ox]ldo+ 1 " u-a, - | o, x]lo,

Full Nonlinear Angular Velocity Error Dynamics Rate

For An Exact Kinematic Model This Equation Predicts Arbitrarily Large
Motion Angular Velocity Error Vector Estimates (no linearization)
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Quaternion Error  5q=q®q;’ 54=0®q'+q®g;"
1w —[ox] ow 1
| 2{0} | {—50) o}q ek

-1 1 4 @, 1 -1
=——q'®{ t=-ZT
ql’ 2 qr { O } 2 (wr)qr

34=210(0)-T(@)]0 ) 84=>[000+0,)-T(0,)]d4 = [000) +T(,)]d

@ 54 = 1 —([&ox] +2]o, X]) oo | |00, Rate Valid for
2 Sw' 0 ||0q, Large Changes
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Build on Nonlinear Plant & Quaternion Error Models

5q=q®q4" ' &q=f(59,ém)

Build New Variable Mapping Eqns' ;
o6& = g(5q)

o€ =h(59,59)

OF = ¢(5§,5a)) ) Kinematics




L_/N\SM  Nonlinear Model Development & | 7V

and Air and Spa AEROSPACE ENGINEERING

Classical Rodrigues

Parameters Modified Rodrigues
Parameters

Quaternion _ Euler Angles
Exact Quaternion

Reference & ) )
Error Kinematics

Current State

Principal Axis/ Angle

Cayley Klein
Parameters Exponential Vector A General Purpose

Component Transformation is
Presented
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Attitude So-0-0
Emror :
DCM 5C =[6@x]5C — [0, x]5C + 5C[m,x]
oq, —0g; 04 |- _
- - Y .
_ . 1[~([6wx]+2[w,x]) Sw|(sq,| 1| éq, dq, -oq,| | [[ex]5q,)
Quaternion of=— o e - ~ do, |- I>
2 —Sw 0 ||8q,| 2|-0q, g  og, o
{5&)}
-0q, -6q, —dq,
CRPs Sp= %[[Im] +[6px1+38psp™ |60 [0, <]5p
.1 . - o o .
MRPs 56 = Z[{l — 56" 50)[1, 5]+ 2[56x] +2oabar]§w ~[o,x]5c
56,
Euler An- s6.| - (HTkHTk g —([6ox]+2[mw,x]) o o,
gles y e ! —So’ (I
66,
ik
o 50 =Sw'5é = 5é' 5w
Principal )
angle/axis Se = 5[[5é><] —cot(5¢ / 2)[sex][sex]| so —[w,x]5¢é
.1 ~([wx]+2[w,x]) do|__,
col(6K)=—Y¥ ' ¥ "col(6K)
( ) 2 0|: —er 0 0 (
Cayley- 0 0 i 1
Klein i 1 0 o
where ¥ =
i 1 0 0
000 i 1

“See Ref.[1] for H ; and O, definitions, and see Ref.[2] for 5_1(5191, ot , 66, ) definition.

[1] Bani Younes, A., Mortari, D., Turner, J.D., and Junkins, J.L. "Attitude Error Kinematics," AIAA Journal of Guidance, Control, and Dynamics, accepted.
[2] P.C. Hughes. Spacecraft attitude dynamics. J. Wiley, 1986.
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S = —1"H{[(5Cw,)x]I =[(16Cw,)x]} 60 — | *[Swx]I 5o+ | “u+[60x]5Cw, -
&, — 17 [(5Ce,)x]1 SCo,

Attitude Error Vector
sC=CCT  note: C =—[wx]C and C=—[@,x]C

— € =CCT +CCT = [wx]6C + 6C[w.x]  use 6w = w— SCa,
= 6C = ~[6wx]6C —[(6C@,)x]6C + 5C[w;x]

transformation of skew-symmetric tensor identity  [(0Cw, )x] = 6C|®, ><]5CT

5C = —[Swx]6C
A ° O O
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Table 2: Attitude Error Kinematics.

£ ke o=0w—-0. omw=w-5Co
Emror : £
DCM 5C =[6@x]5C — [0, x]5C + 5C[m,x] 5C =sw =] 5C
5?4 _J‘h 5?: -
o ) :
. 1| —([6@x]+2[w,x]) Sw||[dq,| 1| dq, Jq, -3q ([e0,%]5q, | . 1| -owx] dm||ag,
Quaternion o =— ([ ] T[ ]) ‘q =— : - ! - ! o, | -4 [0, 7 éfq =— r 1
2 —Sw 0 ||oq, 2| -6q, &q,  dq, o .0 2| —dw 0 ||oq,
-0q, -6q, -dq, :
.1 LT . U | - - T
CRPs é‘p=E[[13>3]+[§p><]+§pbp ]é‘w—[co?x]op Sp =E[[13>3]+[op><]+0p§p ]om
.1 . - .« N o1 . - .
MRPs 56 = Z[U — 56" 56)[ 1,51+ 2[56x] +200‘bar]§w ~[o,x]5c 56 = Z[(l — 386" 56)[1,;]+2[56x]+ 2005‘0’1&9
% ([60x]+2[m,x]) & %
. - —([6wx]+2[m x (0] .
EulTi An- 36, (ijﬂ;( Hj{ ot 1) . }% 56, | =S7(56,.56,.56,)5®
gles N eL0) . :
56, 36,
ik "
o 50 = Sw'Se = e’ 5p =S’ 56 = 56" Se
Principal ) )
angle/axis Sé = E[[cséx] —cot(6¢ / 2)[Sex][Sex]| sw — [, x]5e Sé = —[[5ex] —cot(5p/ 2)[5ex][5ex]] Se»
o1 —([6ox]+2[w,*]) de|__ o1 -[6ox] so]_,
col(8K) ==Y ' ¥, col(6K col(6K)=="¥ Y col(6K
(0K)=5 { ~50" o [FoceleB) OR=3%] Lsar o [ToelOR)
Cayle}:- 0 0 i 1 0 0 i 1
Kleill i -1 0 0 i -1 0 0
where ¥ = where 'V =
“li 1 0 o0 i1 00
000 i1 0 0 - 1

“See Ref.[1] for H ; and O, definitions, and see Ref.[2] for 5_1(5191, ot , 66, ) definition.

[1] Bani Younes, A., Mortari, D., Turner, J.D., and Junkins, J.L. "Attitude Error Kinematics," AIAA Journal of Guidance, Control, and Dynamics, accepted.
[2] P.C. Hughes. Spacecraft attitude dynamics. J. Wiley, 1986.
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» Quadratic Penalty Function

ts

Minimize J —%CD(tf,Xl(t ))+1J'{q13 X X: +r .U U }dt

Ja M i3 s Jsie I
to

Subjectto X. = @.. X. + Cijg X X X +t X X +d. +b. u.

i Imn=-"m-n o o

Co-statesﬂ,,:—qijx ﬂ,{a +C i X X + G XX + G X X, 6 Xy +1 x}
4" s i

iy hi I Jki Y] iy jil mi “'m in“*n

Co-states (assumed form) ﬂ, =k + pi4

I4Jg J8

Control Gains:

P = _k"d' + kijbjkrllzlbml P — Py, Bi(t;)=0
k=K, B Kby T oK —kyay; —d; — Py — Py, Ky(t) =K

ij Im“nm™~on"oj



. : 7 | TEXAS A&M
L_NS—  Optimal Tracking Control | &=a

AEROSPACE ENGINEERING

Closed-Loop Optimal Control Problem
®(0)=[-0.1,-0.2,-0.3]rad / sec, ¢'(0) =[- 2.4142, 0, 0] 0 =0 and k. =&, 10°
i ij ij

| = diag([86.215, 85.070,113.565]) Kg.m’ §;=0if i = j

where o _
Q1:O1 Q3:11 Q2:O3X31 5IJ:1 If I :J

Q4 — |3><3 , R =10 |3><3

Angular Velocity Error [ rad/sec. | Optimal Feedback State History

- 1) p—
" 100
17~ . &3
4 - R R S DO T ] O o5z ), {2
[ S . g
0[ e i mae e w—— —= 5 60 i
05 '-\ ------- ) 1 ! =
0 5 10 15 20 25 3
MRPs Error Z 0 | | .
....... - 0 5 10 15 20 26
0 4 - :’_‘:'.‘.r.w-__ -
- I i 33, |
5 -1 / _"I' 300 | | | |
2h! o |
2/' | i 56 —
0 5 10 15 20 ij 25 & 200
Feedback Controller u=-R"'B"4 , where A=kx+p [Nm] %
200! : ' ‘ === w 100
\‘ ———l,
100~ B 0 ! ! . .
. Y Uy 0 5 10 16 20 26
0F Lomm—mamms A, c—— Time [sec.]
- - 1 1
0 5 10 16 20 25

Time [sec))
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» Universal Penalty Function

ts

Minimize |J = %{ng (64, ) + 6@, Q,0m, }+ % [{Q,0(6¢) + 0 Q.60 + u" Rulc

t

Subjectto  x=[6" '] = f(éw,5C,u)

Universe Penalty Function [g ([5C (06, 5¢)]) = %{3— trace([5C])} —sin?(5p/ 2)]

Quaternion
2 0
g([6C(8q)])=6q; +6¢; +5¢; and _(qu—2[5q1 8q, g, 0]
CRP
sp’ép cg 26p
g(| 8C(Sp)|) = and = -
RP

S’ o cg 1- 60 6o
5C(65)])=4 - and —2_-38s
z([oc(e)) (1+6cso)  8(80) " (1+éc o)




L_N\S  QOptimal Tracking Control | F55%

Land Air and Space Robotics AEROSPACE ENGINEERING

e N

S =—1" o x]l -[(lo,)x]} s — 1 " [sx]l 0+ | "u—a, — 1 [o,x]lo,
8¢ = 1(86)6w—[w,X16¢

s =~Qub0 = £ (€)' 2 — (11601~ [(150)x]— {0 A1 - [(lo )]} )17,

9, o )
(594') N 6(5;) |: f (55)5w] 254 — [wrx]i(%

. 1
4y =757

J

\
ow=w—-0Cw,
/ ow=—1" {[(5Ca)r)><] | —[(I 5er)><]} Sw— 1 [Sox]l o+ | u+ [5(0><]5C\a)Ir
—, — 1 [(5Cw,)x]1 5Ca,
S¢ = (68) 0w
Ay = Q00— T (88) 2y —
| [Swx] - [(150)x] - {[(5Ce,)X]I ~[(15Ce,)x]}" +[(5Ce,)x]] ) 14,
og o

: 1 0 T AT
K s :_§Q3 0(3¢) _0(54') [f(5§')5a):| Aot _M[&”] Ase /

N
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Open-Loop Optimal Control Problem

w(0)=[-0.1,-0.2,-0.3]rad / sec, £(0) =[- 2.4142,0,0] Q@ =0, Q;=1, Q, =0,

_ _ 104
| — diag([86.215, 85.070, 113.565]) Kg.m? Qi=las , R=107 154

Angular Velocity Error [ radfsec. |

----------
. -
-,

02 T § 5 § B Optimal State History

- : 1 0 5 10 15 20 25

- .
‘; ﬂ----l:---h i
] DT g S L L e e o

----------------- :

8

i i i i
1] & 10 15 20 25
MRPs Emor

-
L=

=)
(%]
1
A1
I
i
]
i
]
I
r
i
]
I
i
1
i
i
1
¥
1
1
|| dee || [ deg./sec. ]
)
Q

1 1 1
0 5 10 15 20 25
Control [M.m]

- -
: JERLY Jailakian
g 1 L -
-

s :
g
: .

_ _ S _ -4 0 5 10 15 20 2
: : : : T °

i i i i
0 5 10 15 20 25

Time [sec.] u= —R_ll _1}.5(0 - —(I R)_lié‘w
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> MRP Attitude Penalty Function

Universal Penalty Function [G (50-) — 5o So = tan® (5¢/ 4)]

Singularity at 0¢ =227 is avoided by

introducing shadow set
1

5o° = —5o 1 56 So ol

02} 05

Penalty Function G(4¢)

oo’ =—-o0
J90 % o w0 i

50;8 — 50- — [50)(]560 Principal Rotation Error Angle 56

Penalty Function G(4¢)

The switching surface is set at

0<|6o|<1
5o’ 6o =1 0<G(d0) <1

Retains the same properties of the function g( )
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» Optimal spacecraft maneuver strategies are presented for both open- and
closed-loop problem formulations

» Coordinate variable transformations are identified that enable error
kinematics models to be developed for arbitrarily large rigid body rotational
motion

» Large rotational motion models are presented for several frequently used
sets of attitude variables

»Large angular rate dynamics models are presented for supporting closed-
loop tracking problem formulations

» Universal penalty functions are introduced to solve for generic optimal
tracking control (open-loop and close-loop solutions, large nonlinear motions)

» Numerical simulation results are presented that show the applications of a
universal solution to many spacecraft optimal control problems -- remove the
dependency on the attitude coordinate choice
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Thanks for
-listening ...t

- Thank You!
Anmap BaniYounes

olalahmad@gmail.com
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Optimal Open-Loop Control Formulation

i =-Q,00- f (5¢)T —(I[5w><] —[(16@)x] - {[e,¥]! —[(Ia)r)x]}T) 1A

Co-states S
1
dgy = Q¢ ———| £(5¢ 5w] : — [0, X124
'_8_( ¢)
m[f (85) 60 |
ContrO/ Quaternion
u=-R*174,, =—(IR)"4,, | 8q, —8¢; g, |
1| 6¢z  Sq, —b¢ & 1] -[fex] de
f(50)=3 ~8¢, 8¢, 84, and 5(5:;)[“’"(5‘”5@]_5{ —s0” 0}
| —og, —6¢, —o4;
CRPs
f(80)=3[[L1+(8pd+ 5p5pT | and
G, ; 1
m[ f(3p) 5w] =[L,,]6p" e —E[&ux]
MRPs
f(se)= 1 [(1 —86750)[1,,]+2[60x]+ wa&rf] and
3

5iaa) L/ (30)50]= 112160750+ 5050 - [60x] - 6050 |
O-



