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In addition to using robust
controller designs, can we
develop means to adjust gains
to compensate for model
parameter revisions?

» Spacecraft Tracking Problem
» Geometric & Dynamic Errors Form

» Model and parameter variations in

Model

Plant Y &

Dependency

MEN

Failure of the controller due to model
@)

Control

Control

» Closing the Gaps
» Build Geometric & Dynamic Error Models That do not truncate effects
» Computational Differentiation
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» Problem Definition
» Sensitivity Calculation: Scalar problem
» Sensitivity Calculation: Vector problem

» Computational Differentiation: Automates Calculations for High-Order
Derivatives

» Reference Motion and Error Dynamics
» Optimal Reference Motion
» Motion Error Dynamics
» Optimal Tracking Control Formulation and Sensitivity
Calculations
» Open-loop solution

» Closed-loop solution

> Future Work and Conclusion
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Sensitivity calculations begin with a differential equation that

describes the response of a system to external Loads Two classes
of simulation are important:

/EI Prediction of the future state motion A

. Motion uncertainty predictions due to the variations in the
. problem initial conditions and model parameter values

4

There is a possible way to accommodate parametric changes on
control gains => Develop implicit function to relate the state
feedback gain to the plant parameters over a large family of

neighboring designs
i Sensitivity CaIcuIations!!‘
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Scalar Problem Optimal Closed Loop Control

- 1 1
minJ =7s, xz(t j+§jqx2(r)+ ru?(r)dr

subject to:
x(t) =a’x(t) +but)  X(t, ) given, t, fixed

— optimal gain satisfies nonlinear scalar Ricatti EQ:

Assume a
Varies by 08

2
$=-2a%+s? bT—q s(a,t)="?
-~
S(a,t):s(ao,t)+£g—;jaza 5a+21|£g;2} O(5a)2+... &

C(a,t):x(ao,t)+(ggj 5a+21|(g;2J 0(5a)2+...
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Vector Problem Optimal Closed Loop Control
* The state Eq. X=AX+Bu And the controlis u(t)=-R™B"S(t)x(t)

S=-A"S —SA+SBR'B'S —Q

Si :_ahisjlj _Sulajlj +Sulbmz i3 14138141 _qu

* Riccati Eq.

1)

A0
a.. _aij+5aij ° 0 ©

e Computational Differentiation Varies

S::(S', VS, V%S, V3, v“s’)

0S;; 0s. . OS; 0S 0S; .
[ i __5s o —a. Py 5 o Tip o pip S;.;+5S;0,,1.b, ’“}

g " Js) ki ) s 'J5 P J2]3 Jals i1 o 12J3 JaJs
aakk 6amm 6akk 6amm aamm

u(t)=—-R'B’ {S+Z vV"S.op" }x(t)

—n!
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» Computational Differentiation (CD)
»  First Developed in the 1960’s for 15t Order applications

» Critical Need for Nth Order Partial Derivative Capabilities
»  Turner’s Object-Oriented Coordinate Embedding Algorithm (OCEA) provides

fo=(f,VE, V2,V V1)
v’ Arbitrarily complex partial derivative models Supported

v OCEA uses the programmer’s math model as a template:

v’ Fortran Complier Uses Language Extensions for deriving, coding, and generating the
simulation and sensitivity models

v" All Results are Exact: No symbolic or finite difference tools used .

v’ Analyst Freed from Derivation and Coding for Complex Partials
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Ly
Minimize J = %“wTwa +4'Q. ¢ +u' Ru}dt
b

Subject to

Angular Velocity Dynamics: | = —[ex]lw + u

Attitude Kinematics: ; — f (é’)(;)

Invoking the standard Pontryagin necessary condition for optimality

b, =-Q,o—f(&) 4 —(1[ox]-[(1w)x])1 4,
: ", T

A =—Q§;—§ f(Qo] 4,

u=-RM7 =—(IR)*4,
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Open-Loop Optimal Control Problem

w(0) =[-0.07, -0.25, 0.118] rad/sec
¢'(0) =[-0.03, 0.15, 0.482]

Optimal Reference Motion
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| = diag([3.64, 3.40, 4.41]) Kg.m’

Angular Velocity [rad/sec.]
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Angular Velocity Error Dynamics (Tracking Control Formulation)

The desired motion is defined in terms of the open-loop
reference angular velocity

|0, =—[ox]lo +7

o0=0-0, Angular Velocity Error Vector

so =—1" o x]l -[(lo,)x]} 50— 1 [dox]l 6o+ | "u-0, -1 [w,X]lo,

Full Nonlinear Angular Velocity Error Dynamics Rate

For An Exact Kinematic Model This Equation Predicts Arbitrarily Large
Motion Angular Velocity Error Vector Estimates (no linearization)
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Quaternion Error  5q=q®q;’ 54=0®q'+q®g;"
1w —[ox] ow 1
| 2{0} | {—50) o}q ek

-1 1 4 @, 1 -1
=——q'®{ t=-ZT
ql’ 2 qr { O } 2 (wr)qr

34=210(0)-T(@)]0 ) 84=>[000+0,)-T(0,)]d4 = [000) +T(,)]d

@ 54 = 1 —([&ox] +2]o, X]) oo | |00, Rate Valid for
2 Sw' 0 ||0q, Large Changes
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Build on Nonlinear Plant & Quaternion Error Models

5q=q®q4" ' &q=f(59,ém)

Build New Variable Mapping Eqns' ;
o6& = g(5q)

o€ =h(59,59)

OF = ¢(5§,5a)) ) Kinematics
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Classical Rodrigues

Parameters Modified Rodrigues
Parameters

Quaternion _ Euler Angles
Exact Quaternion

Reference & ) )
Error Kinematics

Current State

Principal Axis/ Angle

Cayley Klein
Parameters Classical Rodrigues A General Purpose

Parameters Transformation is
Presented
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Table 1: Attitude and Actitude Error Kinematics.

Attitude Attitude Kinematics Attitude Error Kinematics
DCM C ={wx]C 5C = [60x]5C — [0.x]5C + 5C[w,. %]
4, —4; q, -q-'t —59‘_: 512‘3 -
4] - - - o, R
o 1[Hex] elle)] 1| @& 49 —a . 1| —([6ex]+2[w.x]) dw|[dq,| 1| 6a, &g, -dq || (o, x]5g,
. q:_ T = — ﬁ)}_ 5q:_ r = — ~ i ~ (:\'_’;): — g =
Quaternion 201 —@ 0/lq, 2l-¢, @ g, 2 -5 0 ||dq, 2| -89, &g, Jq, || _ |\ 0 J
@, o,
-4 ~¢ —4] -6q, -5q, —oq,|
cres p=5[1La1+ [+ o Jo 50 =3[ U1+ [6pd+ 3pop” J60— (0,15
MRPs ¢ :% (1-670)[1,,]+2[0x]+ 206" ]w 56 :%[(1—§6T§O')[f3x3]+2[50'><]+250'50j ]&u— [0 )60
4 %, (box]+2[wx]) &
Euler ) _ gl , : _l 1ot por | —([8@x]+ 2o x (0]
Angles® Et‘: =87(6,6,,0;)0 56?: ~7 (H;s;;H.-;s.t H.-;sk |: ST 0 0
93 .. 5'93 i
ik ifk
1 ! 50 =8’ 5é =56"5w
Principa p=wm'e, é=—[[ex]-cot(s/2)[ex][ex]|w
angle/axis ¢ ’ 2 [[ ] g/ Dlexl ]] Sé = %[[Sé x]—cot(5p / 2)[sex][5ex]]| So — @, x]5e
1 |[-Hox] o o 1, [=([6ox]+2[0,x]) dol_
col =_¥ W col(K), col(6K)==¥ T Y col(SK
(K)z{_wf O}D() (K)z{ T ol
Cayley- 00 i 1 0o 0 i 1
Klein Eo-1 0 0 io-1 0 0
where ¥ = where ¥ =
B I R S i1 00
00 - 1 0 0 —i 1

*See Ref,[1] for H,; and ©,; definitions, and see Ref.[2] for S_1(5|91, 60, ., 66;) definition.
[1] Bani Younes, A., Mortari, D., Turner, J.D., and Junkins, J.L. "Attitude Error Kinematics," AIAA Journal of Guidance, Control, and Dynamics, accepted for

publication.
[2] P.C. Hughes. Spacecraft attitude dynamics. J. Wiley, 1986.
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Optimal Open-Loop Control Formulation

Ly
Minimize 3 —-(t,, ot ), 64 t,) + [ L(5w, ¢, u,ct
b

Subject to x=[ow T = f(éw,o,u)

The Penalties  ®(t, . (t, ). do(t, ) = 547 QL +0] Qom,
and
L(6C, dw, u,t) = Q¢ + dw' Q,0m+ U’ Ru

Tracking Error Dynamics/Kinematics
Sw=—1" {[wrx]l — [(Iwr)x]}&o — 1 [box]ISw+ 1 u—o, — 1o x]lo,
¢ = 1(58) 0w —[w, <]
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Optimal Open-Loop Control Formulation

i =-Q,00- f (5¢)T —(I[5w><] —[(16@)x] - {[e,¥]! —[(Ia)r)x]}T) 1A

Co-states S
1
dgy = Q¢ ———| £(5¢ 5w] : — [0, X124
'_8_( ¢)
m[f (85) 60 |
ContrO/ Quaternion
u=-R*174,, =—(IR)"4,, | 8q, —8¢; g, |
1| 6¢z  Sq, —b¢ & 1] -[fex] de
f(50)=3 ~8¢, 8¢, 84, and 5(5:;)[“’"(5‘”5@]_5{ —s0” 0}
| —og, —6¢, —o4;
CRPs
f(80)=3[[L1+(8pd+ 5p5pT | and
G, ; 1
m[ f(3p) 5w] =[L,,]6p" e —E[&ux]
MRPs
f(se)= 1 [(1 —86750)[1,,]+2[60x]+ wa&rf] and
3

5iaa) L/ (30)50]= 112160750+ 5050 - [60x] - 6050 |
O-
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Optimal Open-Loop Control Sensitivity Calculations

Optimal Control: = —(| R)_ll&u

If we assume the system experiences some dynamics errors due to the
spacecraft moment of inertia, the resulting perturbation will subsequently
influence the control calculation. To handle the gain perturbation induced by
the parameter variations we assume the new “perturbed” plant parameter is
given by

| =1+l

Where the nominal value is | — I*
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Optimal Open-Loop Control Sensitivity Calculations

Computational Differentiation (OCEA) automates
bsy = (s Vs Vi, Viig,, Vi)

Vi

2
V2 5

G = (s Vi, Vi,

. Vi)

The extrapolated sensitivity feedback gain is calculated from the truncated
Taylor Series expansion:

zgw—,15w+2nvu§w5|“, and ,155_,15§+va”1 Sl
n=1 n=1

The implemented feedback control is defined by

u(t) = —(|R)1{,1 +Z A 5|“}

nln

51" Denotes an n-th order tensor product for the parameter variations



LS/ Optimal Tracking Control Tt | =50

Land Air and Space Robotics AEROSPACE ENGINEERING

Optimal Closed-Loop Control Formulation

ts

Minimize J —%CD(tf,Xl(t ))+1J'{q13 X X, +1,;U.Uu, }dt

a7 13 s J5 Je
t0

Subjectto X. = @.. X. + Cijg X X X +t X X +d. +b. u.

i Imn=-"m-n o o

Co—statesﬂ»,=—qij - —A {a +C i X X + G XX + G X X, 6 Xy +1 x}
4 a i

iy hi I Jki Y] iy jil mi “'m in“*n

Co-states (assumed form) ﬂ, =k + pi4

I4Jg J8

The Control Gains:

P = _k"d' + kijbjkrllzlbml P — Py, Bi(t;)=0
k=K, B Kby T oK —kyay; —d; — Py — Py, Ky(t) =K

ij Im“nm™~on"oj
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Optimal Closed-Loop Control Sensitivity Calculations

Optimal Control U; = —rn;lbim {kijxj + pi}

If we assume the system experiences some dynamics errors due to the
spacecraft moment of inertia, the resulting perturbation will subsequently
influence the control calculation. To handle the gain perturbation induced by
the parameter variations we assume the new “perturbed” plant parameter is
given by

| =1+l

Where the nominal value is | — I*
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Optimal Closed-Loop Control Sensitivity Calculations

Computational D/fferent/at/on (OCEA) automates . .
ki = (K Vg Vg, VK, Vi)

ij ij
pi::(pi’ v, Vpi’ Vgpi’ V4pi)

The extrapolated sensitivity feedback gain is calculated from the truncated
Taylor Series expansion:

K = K+Z—V K.oI", and p= p+Z—V”p5I”
nlrI

The implemented feedback control is defined by

4
u (t)y=-r_ ,m{{k +Z ”kij.5ln}xj+pﬁZ%V“piﬁI”}
n=1 '"-

=l

01" Denotes an n-th order tensor product for the parameter variations
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Closed-Loop Optimal Control Problem
®(0)=[0.1,0.2,0.3]rad /sec, £(0) =[- 2.4142,0, O] 0.=0 and k, = 5.
i ij ij

| =diag([0.5,0.6,1.0]) Kg.m’ 5. =0 if i # ]
where { T
Q, =Q, =R=1,, (ldentity) 5 =1 if i =]

Angular Velocity Error [rad/sec.]
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Closed-Loop Optimal Control Problem
®(0)=[0.1,0.2,0.3]rad /sec, £(0) =[- 2.4142,0, O] 0.=0 and k, = 5.
i ij ij

| =diag([0.5,0.6,1.0]) Kg.m’ 5. =0 if i # ]
where { T
Q, =Q, =R=1,, (ldentity) 5 =1 if i =]
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» Optimal spacecraft maneuver strategies are presented for both open-
and closed-loop problem formulations

» Several innovations are introduced
» Coordinate variable transformations are identified that enable error
kinematics models to be developed for arbitrarily large rigid body
rotational motion
» Large rotational motion models are presented for several frequently
used sets of attitude variables
» Large angular rate dynamics models are presented for supporting
closed-loop tracking problem formulations
» A generalized Taylor-series based approach is introduced for a
Tacking feedback control formulation that accounts for very large
changes in the spacecraft mode parameters

» Numerical simulation results are presented that demonstrate that the
new control gain sensitivity-based approach can easily accommodate
moment of inertia uncertainties as large as 25% and still achieve the
spacecraft maneuver objectives
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» The generalized sensitivity approach is expected to be broadly useful,
because it replaces a need for re-computing the optimal solution for each
parameter gain change or introducing a gain scheduling strategy, with a
pre-computed gain calculation for handling a large family of model
parameter changes

» The OCEA (Object Oriented Coordinate Embedding) computational
differentiation toolbox is used for automatically generating the first-
through fourth-order partial derivatives required for the generalized
control sensitivity differential equation

» Future Extensions
» Study other parameter changes; such as uncertain initial conditions
» Apply the same methodology on other optimal control problems
(Enhanced Optimal Control Solution)
» Discrete time problems
» Terminal Constraint problems
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Thanks for
-listening ...t

- Thank You!
Anmap BaniYounes

olalahmad@gmail.com




